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$G=(V, E)$ $V$ $\{V_{1}, V_{2}, \ldots, V_{p}\}$ $A\subseteq E$





$V=\{1,2, \ldots, n\}$ $A\subseteq E$ 0-1 $x=(x_{ij})_{1\leq i<j\leq n}$
$x_{ij}$ $\{i,j\}\in A$ 1 $\{i,j\}\not\in A$ $0$ $A$
$i,j,$ $k\in V$ $\{i, j\}\in A$ $\{j, k\}\in A$ $\{i, k\}\in A$
( $IP$): $\max.$
$\sum_{1\leq i<j\leq n}c_{\dot{u}j^{X}ij}$
$s. t. x_{ij}+x_{jk}-x_{ik}\leq 1 \forall 1\leq i<j<k\leq n,$
$x_{ij}-x_{jk}+x_{ik}\leq 1 \forall 1\leq i<j<k\leq n,$
$-x_{ij}+x_{jk}+x_{ik}\leq 1 \forall 1\leq i<j<k\leq n,$
$x_{ij}\in\{0,1\} \forall 1\leq i<j\leq n,$
$\mathcal{C}_{\dot{8}}j$
$\{i, j\}$ 3




$E_{+}=\{\{i, j\}\in E|c_{ij}\geq 0\}$ ($IP$ )
$(IP_{sparse})$ : $\max.$
$\sum_{1\leq i\triangleleft\leq n}c_{ij^{X}ij}$
$s. t. x_{ij}+x_{jk}-x_{ik}\leq 1 \forall 1\leq i<j<k\leq n, \{i,j\}\in E_{+}\vee\{j, k\}\in E_{+},$
$x_{ij}-x_{jk}+x_{ik}\leq 1 \forall 1\leq i<j<k\leq n, \{i, j\}\in E_{+}\vee\{i,k\}\in E_{+},$
$-x_{ij}+x_{jk}+x_{ik}\leq 1 \forall 1\leq i<j<k\leq n, \{j, k\}\in E_{+}\vee\{i, k\}\in E_{+},$







$(V, E^{*})$ $\{(V_{1}, E_{1}^{*}), (V_{2}, E_{2}^{*}), \ldots, (V_{p}, E_{p}^{*})\}$ $l=1,2,$ $\ldots,$ $p$
$(V_{l}, E_{\iota}^{*})$ $(V_{l}, E_{l}^{*})$
1. $(V_{\iota}, E_{l}^{*}\cap E_{+})$
$V_{\iota}$ $S$ $T$ $S$ $T$ $E_{\iota}^{*}\cap E_{+}$





2 $i,$ $j\in$ $E_{\iota}^{*}\cap E_{+}$ $i=u_{0},$ $u_{1},$ $\ldots,$ $u_{q}=j$
$\{u_{0}, u_{1}\}\in E_{+}$ $( \{u_{1}, u_{2}\}\in E_{+})$ $(IP_{sparse})$
$x_{u_{0}u_{1}}+x_{u_{1}\uparrow 42}-x_{u_{0}u_{2}}\leq 1$
$x_{u_{0}u_{1}}^{*}=x_{u_{1}u_{2}}^{*}=1$ $x_{u_{0}u_{2}}^{*}=1$ $\{u_{2}, u_{3}\}\in E_{+}$
(IPsparse)
$x_{u_{O}u_{2}}+x_{u_{2}u_{3}}-x_{u}$ $u_{3}\leq 1$
$\{u_{0}, u_{2}\}\in E_{+}$ $x_{u_{0}u_{2}}^{*}=x_{u_{2}u_{3}}^{*}=1$
$x_{u_{ }u_{3}}^{*}=1$ $x_{u_{ }u_{q}}^{*}=x_{ij}^{*}=1$
$(V_{l}, E_{\iota}^{*})$
$(IP_{sparse})$ 0-1 $x_{ij}\in\{0,1\}$ $x$ $\in[0,1]$ $(LP_{sparse})$





$x^{*}$ ($LP$ ) $d^{*}$
$x_{ij}^{*}+x_{jk}^{*}-x_{ik}^{*}\leq 1\Leftrightarrow d_{ik}^{*}\leq d_{ij}^{*}+d_{jk}^{*}$
$d^{*}$
$\overline{E}^{*}=\{\{i, j\}|d_{ij}^{*}<1(\Leftrightarrow x_{ij}^{*}>0)\}$




2 $i,$ $j\in$ $\overline{E}_{l}^{*}\cap E_{+}$ $d^{*}$





$d_{i_{J}’}’\geq d$ 2 $i,$ $j\in V_{l}$ $d_{ij}’$
$d’=(d_{ij}’)_{i<j}$ d’ $i,$ $j\in V_{l}$ $(d_{ij}^{*})_{i<j}$
$i,$ $j\in V_{l}$ $(d_{ij}^{*})_{i<j}$
$\{i,j\}\in E_{+}$ $d_{ij}’\leq$ $d_{ij}’=d$
$i,$ $j\in$ $d_{ij}’\neq d_{ij}^{*}$ $d_{ij}’>d$ $\{i, j\}\not\in E_{+}$
$(LP_{sparse})$
$x’=\{\begin{array}{ll}1-d_{l}’\prime j i,j\in V_{l} x_{ij}^{*} \end{array}$
1 2 ( $IP$) ($LP$ )
$x_{ij}+x_{jk}-x_{ik}\leq 1 \forall 1\leq i<j<k\leq n, \{i,j\}\not\in E_{+}\wedge\{j, k\}\not\in E_{+},$
$x_{ij}-x_{jk}+x_{ik}\leq 1 \forall 1\leq i<j<k\leq n, \{i,j\}\not\in E_{+}\wedge\{i, k\}\not\in E_{+},$
$-x_{ij}+x_{jk}+x_{ik}\leq 1 \forall 1\leq i<j<k\leq n, \{j, k\}\not\in E_{+}\wedge\{i, k\}\not\in E_{+},$
$c_{+}=(V, E_{+})$ $i$ $d_{i}$ $(IP_{sparse})$
$(LP_{sp\mathfrak{N}se})$




2004 Newman Girvan [7]
$G=(V, E)^{*1}$ $V$ $C$ $-1/2$ 1
$m$ , $(i, j)$ $A_{ij}$ , $i$ $d_{i}$ , $i$
$C_{i}$










$C= \frac{1}{2m}\sum_{1\leq i\leq n}(A_{ii}-\frac{d_{i}d_{i}}{2m})$
$i,$ $j$ $=Xji$ $q_{ij}=qji$ $x_{ij}(i>j)$
2 $x_{ij}(i<j)$
$\max. \frac{1}{m}\sum_{1\leq\iota’<j\leq n}(A_{ij}-\frac{d_{\iota’}d_{j}}{2m})x_{ij}+C$
$s. t. x_{ij}+x_{jk}-x_{ik}\leq 1 \forall 1\leq i<j<k\leq n,$
$x_{ij}-x_{jk}+x_{ik}\leq 1 \forall 1\leq i<j<k\leq n,$
$-x_{ij}+x_{jk}+x_{ik}\leq 1 \forall 1\leq i<j<k\leq n,$
$x_{ij}\in\{0,1\} \forall 1\leq i<j\leq n,$
$c_{ij}=A_{ij}- \frac{d_{i}d_{j}}{2m}$
Dinh Thai[4]
$x_{ij}+x_{jk}-x_{ik}\leq 1 \forall 1\leq i<j<k\leq n, \{i, j\}\not\in E\wedge\{j, k\}\not\in E,$
$x_{ij}-x_{jk}+x_{ik}\leq 1 \forall 1\leq i<j<k\leq n, \{i,j\}\not\in E\wedge\{i, k\}\not\in E,$
$-x_{ij}+x_{jk}+x_{ik}\leq 1 \forall 1\leq i<j<k\leq n, \{j, k\}\not\in E\wedge\{i, k\}\not\in E,$
$\{i, j\}\not\in E$ $\{j, k\}\not\in E$
$A_{ij}=A_{jk}=0$
$c_{ij}=A_{ij}- \frac{d_{i}d_{j}}{2m}<0\wedge c_{jk}=A_{jk}-\frac{d_{j}d_{k}}{2m}<0$
$\{i, j\}\not\in E_{+}$ $\{j, k\}\not\in E_{+}$






1Instance $n$ ($IP$ ) $(IP_{sparse})$
#constr. time(sec.) $\neq$constr. time(sec.)
Wildcats [6] 30 12,180 0.34 10,043 0.31
Cars [6] 33 16,368 0.52 14,708 0.47
Workers [6] 34 17,952 0.66 14,896 0.58
Cetacea [6] 36 21,420 0.61 9,598 0.31
Micro [6] 40 29,640 0.94 22,201 0.73
Soybean [3] 47 48,645 1.58 31,171 1.00
UNO [6] 54 74,412 2.50 45,756 1.59
UNOla [6] 158 1,934,868 114.07 1,161,623 62.87
$UN02a[6]$ 158 1,934,868 114.27 1,542,583 90.24
$OS$ : Windows 7, : Intel Core $i53.60$ GHz,
: $4GB$ Gurobi optimizer4.5.0
1 1 2
($IP$ ) $(IP_{sparse})$
( $IP$ ) $(IP_{sparse})$
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